
Base point change

Let X be path-connected. For x0, x1 ∈ X, compare π1(X, x0) with π1(X, x1).
Choose a path ρ from x0 to x1 and define φρ : π1(X, x0) → π1(X, x1) by
[α] 7→ [ρ ∗ α ∗ ρ]. Then φρ is an isomorphism.

¤� ÃZ�

(1) φρ�� homomorphisme���̀¦ �Ðs���.
φρ[α ∗ β] = [ρ ∗ α ∗ β ∗ ρ]

= [ρ ∗ α ∗ ρ ∗ ρ ∗ β ∗ ρ]
= [ρ ∗ α ∗ ρ][ρ ∗ β ∗ ρ]
= φρ[α]φρ[β].

(2) Define φρ : π1(X, x1) → π1(X, x0) by [β] 7→ [ρ ∗ β ∗ ρ].
Then,(φρ ◦ φρ)[α] = φρ[ρ ∗ α ∗ ρ] = [ρ ∗ ρ ∗ α ∗ ρ ∗ ρ] = [α].
����"f φρ ◦ φρ = id.

Similarly, φρ ◦ φρ = id.

ô�Ç¼#�, ¢̧���Ér path σ�� ÅÒ#Q&���̀¦M: ëß�{9� ρ ' σ s������ φρ = φσ s���.

�ä́V� 2.
{9�ìøÍ&h�Ü¼�Ð homotopic �t� ·ú§�Ér ¿º path ρ, σ\� @/K�

φρ

π1(X, x0) → π1(X, x1)
φσ ↘ ↑ µ

π1(X, x1)
\�"f µ = φρ ◦ φσ−1 �Ð ¿º��� s���H isomorphism s� ÷&�¦, s���Ér	כ #Q�"� loop\�
_�ô�Ç conjugation (an inner automorphism of π1(X, x1))s� H�d�̀¦ �Ð#���.
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